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The adverse effects of fuults on the stability of under-
ground openings has long been realized. To date, however, 
discontinuities and most other types of geologic heterogene-
ities have not been amenable to mathematical analysis using 
the classical theories of elasticity and plasticity. This 
investigation examines the stress distribution around a single 
discontinuity and compares the experimental and numerical meth-
ods used for the ·analysis. 
The theory of elasticity, employing the equations of com-
patibility, equilibrium etc., was used to determine a stress 
function for the stress distribution around a circular hole 
loaded in a centrifugal field. The analysis was tend.nated 
after the stress function had been derived due to the intrac-
tability of the solution obtained. A photoelastic stress 
freezing technique was used to determine the fringe patterns 
in centrifugally loaded models containing a single disconti-
nuity. Stress trajectories were obtained for all the models, 
but no absolute determination of stress was possible as the 
fringe orders in the models could not be determined. 
The finite clement method was used to solve for the stress 
distribution around discontinuities. Some finite element mod-
els were similar in geometric arrangement to the photoelastic 
models to allow a direct comparison of results. The method 
employed assumes a finite number of triangular sh2ped elements 
joined only at the corners. The stiffness of each element is 
Christopher Haycocks 
derived and from these the overall stiffness of the system 
can be obtained. From the applied loads and known matrix 
relationships the displacements of the element corners, or 
nodal points, can be calculated. These displacements can 
then be translated into element and nodal point stresses. 
Stress vector diagrams were made for all the finite element 
models run. 
111 
The analysis showed a high stress concentration to exist 
at the lower end of the discontinuity. The magnitude of the 
stresses in this concentration and their components, whether 
tension or compression, was a function of the degree of re~ 
straint, the friction along tl1e fault, the dip of the fault, 
and Poisson's ratio. In the neighborhood of the fault, away 
from the stress concentration at the lower end, the principal 
stress direction and ratio varied in the close proximity of 
the fault. The degree of variation depended upon the friction 
along the fault and the degree of lateral restraint. The fi-
nite element technique proved a more versatile means of analy-
sis for this type problem, particularly when a systematic 
variation of parameters was required. However, some limita-
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LIST OF SY1'.1BOLS 
= stress 1n x, y, z directions respectively. 
= stress function. 
= body force potential. 
= Laplace's operator. 
= Poisson's ratio. 
= angular velocity. 
= gravitational acceleration. 
= mass. 
= density. 
= stretch ratio of ·a conformal transformation of co-
ordinates. 
= Naperian base= 2.718. 
i = ~~: 
a,S = curvilinear coordinates; a 1 =value of the coordin-
ate a on the boundary of the hole. 
~' = coefficient of internal friction. 
T = shear stress. 
¢ = angle between x-ax1s and the tangent to the curve 
S = constant. 
X,Y = components of body force per unit of volume. 
r = radius; r 1 and r 2 = radii to a point from the poles 
of a bipolar coordinate system. 
E =Young's modulus of elasticity. 
A -- centrifugal loading ratio ("g 's"). 
p = maximum principal stress. Tension positive. 
xiv 
q = mimimum principal stress. Tension positive. 
L = roof span. 
P = bolt tension. 
K = bolts per set across the opening. 
a' = bolt diameter. 
w' = unit weight of bolt material. 
o1 ,e 2 =angles that r 1 and r 2 make with the x-axis. 
R = a cscha1. 
o,n,~ = boundary constants. 
a = a distance fro~ the origin to a pole 1n bipolar co-
ordinates. 
c = distance of the center of the hole from the or1g1n = 
a cotha1. 
D = diameter of hole. 
Bp - dip of fault. 
w = weight per unit volume of material. 
p = coefficient of friction. 
e = strain in x direction. X 
ey = strain 1n y direction. 
y = shearing strain. 
[A] = displacement transfor~atipn matrix. 
(B] = force transformation matrix. 
[C] = stress-strain relationship. 
[S] = element corner forces. 
[k] = element stiffness matrix. 
[r] = nodal point displacements. 
[R] = nodal point loads. 
[K] = stiffness matrix for complete structure. 
CHAPTER I 
INTRODUCTION 
An exact analytic solution for stress distribution is 
impossible in most geologic structures due to their hetero-
geneity. The application of the classical theories of elas-
ticity and plasticity, generally, give only a first approxi-
mation of the real stresses. It is, however, essential for 
good engineering practice and the systematic development of 
rock mechanics that a knowledge of the initial stresses oc-
curring in rock masses be achieved. 
The number of geologic heterogeneities sometimes dif-
fering only as a single parameter varies, is very large. 
A systematic investigation of their effect on stress distri: 
bution must necessarily begin with the simplest case before 
analysis of more sophisticated arrangements such as joints, 
bedding planes, etc., can be made. A single fault was there-
fore chosen, the parameters being the coefficient of friction 
along the fault, the dip, and the stress field. The effects 
of such a discontinuity on the stress distribution in a two 
dimensional body under gravitational loading are presented in 
this analysis. Two approaches, (1) a photoelastic model study, 
and (2) the finite element method, were used in the investiga-
tion. 
A photoelastic method was chosen as it yields an exten-
sive and fairly precise picture of stress distribution. The 
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models were loaded 1n a centrifuge, and, as they could not be 
viewed while under load, a stress freezing technique was used. 
The discontinuities did not extend completely across the models, 
and therefore better simulated in situ conditions. The fringe 
patterns and the stress trajectories were obtained for all 
models. 
The finite element method was used to determine analyt-
ically the stress distribution in models similar in construc-
tion to those used in the photoelastic analysis. The method 
1s a numerical one and involves the representation of a model 
by a number of finite triartgular elements joined at the corners. 
Once the stiffness of the system has been established the 
stresses can be determined using standard matrix analysis tech-
niques. Principal stresses and their directions were obtained 
for all models and the results plotted as stress vectors. 
Principal stresses were also plotted for various section lines 
across the individual models. 
Results showed that at some specific depth, the footwall 
was generally at a lower stress and the hanging\vall at a higher 
stress than the material outside the influence of the discon-
tinuity. A high stress concentration occurred at the end of 
the fault which invariably exhibited a tensile stress on the 
lower side. The amount and value of the tensile stresses oc-
curring throughout the models decreased with lateral constraint. 
Ratio and direction of the principal stresses in the proximity 
of the fault varied when compared with stresses outside the 
influence of the fault. 
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A comparison was made between the finite element method 
and a centrifugal photoelastic analysis for determination of 
stresses in simple single fault geologic models. Results ln-
dicated the numerical technique to be more versatile, ~arti­
cularly where systematic variation of parameters is required. 
The photoelastic analysis has particular value for single 
models, particularly those of complex geometry where the finite 
element method would prove too time consuming. 
CHAPTER II 
LITERATURE REVIEW 
Centrifuge, model and photoelastic studies. The theory 
of models and their relation to the prototype has been dis-
cussed by many authors, Hetenyi (14), Panek (24), et al. The 
problem is to translate the readings or results obtained from 
the model to the prototype such that the behavior of the pro-
totype can be predicted from the model. By means of dimen-
sional analysis Panek obtained a general equation which must 
hold true for both model and prototype. 
a f ( A:wL p L L L K X y z E- = t b- t' L L L 4 ' EL 2 ' ' ' , ' ' ' 
M F d' d' Aw 1 E' y' ) • PL ' ' d ' 1 ' Aw ' E- ' y ' 
Model tests can be either destructive or nondestructive, 
the former case being used to determine where and how failure 
will occur. In the latter case the stress distribution is to 
be determined. For nondestructive testing the model need not 
be made of the same material as the prototype. The results, 
which generally consist of quantitative relationships between 
the load, strain, dimensions and material properties, are 
* See notation. 
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4irectly applicable to any prototype that satisfies the simi-
larity requirements. The photoelastic model is a nondestruc-
tive type that will give a complete picture of the stress dis-
tribution within five percent of that predicted using the theo-
ry of elasticity. 
A major difficulty in the use of models to simulate geo-
logic conditions is that of loading. Rock in situ is loaded 
under its own weight as well as by the material surrounding 
it. Externally applied loads, even though applied evenly, do 
not generally give the same stress distribution or mode of 
failure as is achieved with body loading. Two methods are 
open to the inve~tigator in overcoming this difficulty. The 
first is to use low strength ~aterials in the construction of 
the model which is properly scaled to simulate the prototype_ 
and loaded by gravity alone. Such materials are usually very 
difficult to control and work with. A second technique is to 
use much stronger materials, possibly ev~n the same as the 
prototype, and to increase the body forces. This can be done 
by means of a centrifuge, and the technique has becbme quite 
prevalent in recent years since it was introduced by Bucky (4) 
in 1935. Panek (25), Esser (8) and Hoek (15), et al., have 
since successfully used a centrifuge for loading mine models 
and bolted roof strata. 
The centrifugal acceleration has the effect of increasing 
the effective weight per unit volume of the material. This 
satisfies the model - prototype similarity conditions 
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established for this type analysis by Panek, who has shown 
that centrifugal testing can be used for accurate analysis 
of body force problems. He established similitude equations 
for the dimensions and properties of the model and prototype, 
such as 
L = l L m )... p 
E 
)... m w = Ep 
w 
m p 
Where \ is the model:prototype scale factor . 
. To obtain an effective weight of the model corresponding 
to a chosen scale factor ~, the speed of the centrifuge can 
be controlled such that A, the ratio of the gravitational 
load W and the centrifugal load Z, coincide with: 
= A W 
m 
or A 
The gravitational load W == mg 
where m = mass 
g = acceleration due to gravity 
Centrifugal load z mv 2 = 
--y 
where v = Rw velocity 
R = radius of the rotor 
l.O = Z1rN 
N = Revolutions per second 
Ratio A z v2 47r 2 RN 2 = w = "i~R = ----~ g 
The factor A is a measure of the number of g's developed at 
the radial distance R; that is, the body force which is ap-
plied in comparison to the unit weight of the model. 
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Hoek (15) showed that the centrifuge produces a non-
linear stress increase downward through a model. However, 
provided the radius of the centrifuge is large and the height 
of the model small, errors produced by the variation from a 
purely linear stress increase are insignificant (Figure 1). 
Photoelasticity. The use of the centrifuge for the load-
lng of photoelastic models imposes restrictions on the choice 
of model materials. Either it must be possible to view the 
model by means of a stroboscopic polariscope while it is in 
the centrifuge, or lock the stress in the model using a freez-
lng technique. Viewing the model in the centrifuge was done 
by Bucky, but since then no further use has been made of this 
technique. Other investigators, Dally, Durelli, and Riley (7); 
Hoek (15); Haycocks (13); Oudenhoven (23); Gomah (9) et al., 
used a stress freezing technique. Hoek used an Araldite B 
model and froze the stresses into the model using a controlled 
heating and cooling cycle. This method is successful, but in-
volves much special equipment and requires a long period to 
complete the thermal cycle. The other investigators used a 
new epoxy resin developed and tested by the Armour Research 
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Figure 1. Maximum percentage error in stress distribution 
as a function of model depth and centrifuge radius. 
(After Hoek).-
9 
Durelli, and Rirey (7). This expoxy is manufactured by the 
Ciba Company, Incorporated, of Kimberton, Pennsylvania, and 
is known commercially as Araldite 502. The properties of the 
resin can be varied over a wide range by mixing it with a com-
patible plasticizer, such as dibutyl pthalate. The composi-
tion used in the study of the above mentioned authors was ob-
tained by mlXlng 72% resin with 20% dibutyl pthalate and 8% 
araldite hardener HN 951. The manufacture of the plastic was 
accomplished by mixing the three constituents (all being liquid) 
ln the proper proportions and pouring the resultant mixture in-
to a suitable mold. 
Since the chemical reactions between the three constitu-
ents continues during the curing process, which continues for 
more than twenty hours, the properties of the material change 
during this time. The fringe order in a stressed model varies 
until completely cured, due to a combination of effects: 
(a) Creep, which is very pronounced, increases the fringe 
order at a particular point in the model as a function of time. 
(b)_ The material's chemical, mechanical and optical pro-
perties. These change as the curing progresses. 
It is important to note, however, that the pattern always repre-
~ 
sents the elastic distribution of stress in the model while 
loaded. This fact explains the great advantage of the material. 
For a composition of resin/dibutyl/hardener of 72/20/8 
proportions, Dally, et al. determined the change of the 
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properties using a circular disc as an example for three s1g-
nificant times: t 1 , immediately after loading, t 2 , four hours 
after loading (just prior to unloading), and t 3 , 16 hours af-
ter unloading (permanently cured). 
TABLE 1 
Poisson's Modulus of Material Fringe 
Ratio Elasticity Value 
r E £(shear) 
psi psi-in/fringe 
tl 0.366 993 2.44 
t2 0.466 675 1.56 
t3 0.405 926 2.56 
It was found that if the plastic temperature was care-
fully controlled during the curing process by holding it at 
70°F, it reached the consistency of hard rubber after eight 
to t1ve 1 ve hours. When in this condition the res in could be 
handled and machined with relative ease. Then if the model 
were placed under load and left to complete its curing for a 
further four hours or more, on release of the load the stress 
would be "locked in". This technique yielded excellent re-
sults and was ideal for use in the centrifuge as it required 
no special equipment. 
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Stress around a tunnel. The application of the theory 
of elasticity to determine the stress distribution around a 
tunnel, as reported by Mindlin (19), 1vas first made by Yama-
guti (3l)and Schmidt (28). They investigated the state of 
stress around a horizontal hole of circular cross section 
situated in a gravitating solid of indefinite extent. Al-
though Yamaguti correctly took into account the effect on the 
stresses around the hole of the weight of the material removed 
from the hole and the stress concentrations used by an assumed 
type of initial stress in the surrounding medium, he neglected 
the influence of the conditions on the upper surface. Thus, 
by Saint Venant's principle the solution can only be considered 
correct when the hole is some distance from the free surface. 
Jeffries (18) determined erroneously the stress distri-
bution around a circular hole in a semi-infinite plate under 
pure tension as the hole approached a free surface. His work 
was widely quoted and revealed a compressive stress on the edge 
as the hole approached the surface. Subsequent photoelastic 
analysis revealed that no compressive stress occurred. The 
• theoretical work was later repeated by Mindlin (19), who de-
tected an error in Jeffries' work and corrected it. Later 
Mindlin (19) used the Jeffries technique to determine the 
stress around a tunnel in a body loaded solid, assuming a uni-
form gravitational field. The tunnel was considered to be a 
horizontal cylindrical hole of circular cross section situated 
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in a semi-infinite solid. Through the introduction of bipolar 
coordinates an exact solution of the classical elasticity equa-
tions was obtained which satisfied the boundary conditions of 
both the upper free surface of the solid and the free surface 
of the hole. The resulting equations of stress are given in 
terms of infinite series. 
Yu (32) used Muschelisvili's complex variable method to 
solve for the stresses around a tunnel in a gravitationally 
loaded solid. A uniform gravitational field 1.\l'as assumed and 
the tunnel was assumed to be a large but finite distance be-
neath tne surface. 
Finite element method. Within the last fifteen years 
the development of the digital computer has allowed extensive 
development and refinement of numerical techniques~ This has 
made possible the finite element method, which has to date been 
used for the solution of two and three dimensional elastic and 
nonelastic problems. Like many numerical methods, it involves 
approximations; however, comparison with the classical solti-
tions has shown that these approximations are often well justi-
fied and errors are minimal. The origin of ·the technique can 
be traced back to Saint Venant who first introduced a one di-
mensional finite element in his work on torsion and flexure of 
beams. This work formed the basis for the field of structural 
analysis. The formulation of structural analysis into matrix 
notation presented by Argyris (3) is reported by Clough (5), 
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to have been the most important contribution in the formation 
of a finite element technique. Clough was one of the first to 
apply the procedure to aircraft structures and has presented 
methods for deriving the stiffness for models using both rec-
tangular and triangular elements, in a plane stress condition. 
Wilson (30) developed the technique outlined by Clough 
specifically for use in a computer. His work deals exclusive-
ly with triangular elements, and solutions have been developed 
for both plane stress and plane strain problems. To avoid 
storage problems in the computer he uses an iterative solution 
rather than direct solution of the matrices. He also presents 
a 11Weighted" technique for determining the nodal point stresses 
from the surrounding elements. 
Since Wilson's paper in 1962, numerous articles have 
been published on various aspects of the finite element method, 
most dealing with some particular application. Reyes and Deere 
(27), Goodman (10), Anderson and Dodd (2), et al., have applied 
the method to geologic masses for the solution of stresses 
around tunnels. The paper by Anderson and Dodd discusses a 
technique for representing a fault in a finite element struc-
ture. They suggest pin ended members that join corresponding 
nodal points across the fault. These members can transmit com-
pressive stresses but no shear. Should the analysis indicate 
a tensile stress across the fault, the element configuration 
is changed and the problem is re-run until these tensile stresses 
have been reduced to zero. 
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Effects of faults on stress distribution. Very little 
published literature exists on the effect of faults on stress 
distribution. A number of geological investigators, Ramsberg 
(26), Hafner (12), Hubbert (16), Anderson (1), Ode (22), et 
al. have tried to determine the causes and controls in the 
formation of different types of faults, thrusts, etc. How-
ever, this work was orientated toward finding the causes of 
these phenomena rather than the effect these phenomena have 
on the stress fields. 
Sonntag (29) demonstrated photoelastically, using ex-
ternally applied loads, the effect of stratification and fric-
tion bet'i:Jeen the beds on the stress around some simple shaped 
openings. Moye (20), while planning underground excavations 
for the Snowy Mountains Scheme in Australia, made some photo-
elastic models of the planned openings, putting in the major 
joint planes. This work yielded some interesting data which 
were of direct use in subsequent design-and excavation. 
Hoek (15) and Haber (11) also introduced discontinuities into 
their photoelastic analysis in an attempt to simulate faults. 
All this work was, however, done in reference to particular 
cases; and no systematic study of the effect of geologic dis-
continuities has yet appeared in the literature. 
Jaegar (17) discusses the presence of planes of weak-
ness on the strength of a body. He demonstrates using Mohr's 




Statement of the problem. The stress at any point in 
a centrifugally loaded plane rectangular and continuous model, 
unrestrained at the sides and supported, but free to move 




ww 2 r dr g 
1 ww 2 
= (r2 -r 2 o) " 2g 
w - angular velocity 
To = radius to top of model 
r = distance to center of rotation 
This equation has been evaluated for the type of model 
and loading condition used in this thesis (Figure 2). In this 
case, the stress due to the centrifugal loading deviates six 
percent at the center top and bottom of the model from a purely 
linear stress variation. Thus, the stress distribution in the 
centrifugally loaded models would deviate from that.calculated, 
assuming a uniform density of material and constant gravita-
, 
tiona! attraction. 
The following derivation, using the theory of elastici-
ty, demonstrates a method for determining the stress around a 
circular opening loaded in a centrifugal field. The equations 
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Figure 2. Vertical stress distribution 





became so long and unwieldy that the approach was abandoned. 
The derivation is based primarily on the work done by 
Mindlin in his tunnel problem, and that of Jeffries who first 
outlined the technique in his derivation of the stress around 
a hole in the neighborhood of a free boundary. 
The hole is considered to be a horizontal cylindrical 
cavity of circular cross section, with its axis parallel to 
the z axis of a rectangular coordinate system x, y, z. The 
hole is situated in a material whose upper side is the plane 
y = 0, and thus forms a semi-infinite solid. The y axis ex-
tends vertically dmvnward in a positive direction, and bisects 
the hole cross section. The material surrounding the hole 
has a uniform weight w per unit volume acting in the positive 
direction. The length of the tunnel is 2ssumed to be very 
long in comparison to_its cross section, permitting the prob-
lem to be treated as one of plane strain. 
In plane strain problems one method of expressing the 
stress is in terms of the derivatives of a stress function X, 
and body-force potential n. Expressing these in rectangular 
coordinates 
= ~-+ Q 
ax c;2y (la) 
=~ 





The components (X,Y) of the body force per unit volume are re-
lated to the body-force potential by 
X = on ox 
on y = - -
cy 
The stress function is a function of x and y only, and is 
(2) 
governed by the fourth order differential equation for plane 
strain: 
in which v is Poisson's ratio and v4 = v2 v 2 where v2 is La-
place's operator (~ + ~). 
ox2 oyz 
In the present case of the varying gravitational field, 
X = 0, but to determine Y the effect of the centrifugal force 
must be considered. 
Figure 3. Bipolar coordinates and model arrangements. 
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It can be seen that the force on any unit mass in the model, 
Figure 3, is 
W!ll2 Force = -g- (ro+y) = Y 
Substituting (4) into (2) and integrating with respect to 
(ro+y) we find that 
Therefore 
which is a constant. 
Putting (6) in (3) we find that 





The problem is to find a solution to equation (7) that will 
fulfill the boundary conditions. In this case the boundary 
conditions are the same as for Mindlin's case; the straight 
and circular boundaries are unloaded and therefore the shear-
ing and normal stresses on these boundaries are zero. Three 
types of stress field are possible in. the solid distant from 
the hole. Case 1. Hydrostatic stress field. 
In this case the horizontal stress component equals the 
vertical component at any point in the body not affected by 
the opening. As before the body force potential is 
2 
n = -~ 2g (r + y)2 0 
and the horizontal stress a also equals 
X 
(8) 
Substituting (8) into (1) and integrating to determine the 
stress function we find that 
(9) 
Case 11. Laterally constrained stress field. 
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In this case the horizontal stress does exist but is some-
what smaller than the vertical stress at any point. The re-




ww2 Q = -zg- (ro + y) 2 
Using (10) and (5) 1n (l) we find that the stress function 
equals 
x2 = ~;~l-v) ( ro~Y 2 (1-v) + r3y 3 (1-2v) + r;(l-Zv)) (11) 
Case 111. Unidirectional stress field. 
In this case the horizontal stress component ax lS assumed 
to be equal to zero. Using this with the body force potential 
(5) in (1) we find that the stress function is 
= w w 2 ( r o 2 v 2 + roy 3 y 4) 
X3 g 4 6 + 24 (12) 
To determine the stress in a semi-infinite piate containing a cir-
cular hole it is convenient to resort to curvilinear coo~·dinates 
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and thus simplify the mathematical analysis. A curvilinear 
coordinate system of the type required can be obtained through 
a conformal transformation. Coker and Pilon (6). 
X + iy = f(a + iS) (13) 
Appearing 1n the solution ·is the stretch ratio J of the trans-
formation and the angle ¢ which the tangent to the curve B = 
constant makes with the x-axis. The relationship of these 
functions is known, Coker and Filon (6), and is given by 
Jei¢ = f'(a + iB) (14) 
Also if p 1 and p 2 are the radii of curvature of a = constant 
and a = constant respectively (both are positive for counter-
clockwise rotation of the tangent moving in t.he positive di-
rection along the curve) then 
1 1 o¢ 1 oJ 
= J oa = J5a pl (lSa) 
and 
1 1 ocfl 1 oJ 
= J oa = J 2 oa Pz (lSb) 
The components of stress are also well known,. Coker and Filon 
(6) and are given by 
a = 
a 
a = f3 
1 (~ oJ 




A bipolar coordinate system is ideally suited to the present 
problem and was first applied to two dimensional elasticity by 
Jeffrey (18}. 
22 
His technique was later adapted to the problems of gravity 
loading by Mindlin, whose technique is proposed for the solu-
tion of this problem. 
To obtain a bipolar system of coordinates equation (13) 
is particularized in the fo 
x + iy == ia coth i (a + iS) (17) 
Now equating real and imaginary parts 1n equation (17) we get 
a sin S 
x = cosha - coss (lSa) 
and 
a sinh a y = 
cosha - coss 
From equations (14) and (17) 
i¢ ia 1 J e = - -2 c s ch 2 Z (a - iS) 
whence 
J :;::: a 
cosha - coss 
and 
tan ¢ cosha coss -1 :;::: sinha sins 
Equation (17) may also be written in the form 
iS log{~ + l (y + a)} a + = T)r - a) + l 











in which r 1 and r 2 are the radii to a point 1n the x,y plane 
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from the points (0, -a), (0, +a), respectively, and e1 , e2 are 
the angles which these radii make with the x-axis. 
The curves a = constant are coaxial circles of radius 
acscha having the poles (0, -a), (0, +a), as limiting points. 
The centers of these circles lie on the y-axis at distances a 
cotha from the origin. The x-axis is the curve a = 0. This 
and a circle a = constant (positive) represent the boundaries 
of the problem. 
The curves 8 = constant are circular arcs passing through 
the poles (0, ± a); 8 is the angle included between the radii 
r 1 and r 2 ; 8 has a discontinuity of Zrr on passing the poles. 
In terms of e1 and e2 the angle • which the tangent to 8= 
constant makes with the x-axis is given by 
+ .:!. 
2 (23) 
From equations (16) and (20a) the components of stress in 
bipolar coordinates are found to be 
acra = { (cosha - c2 . h 0 . 0 cosha}(§)+ aQ cos8)W- Sln a- - s1ns 68 + oa 
( 2·4 a) 
{ccosha- 02 . h 0 . 8 coss}(§)+ aQ acrs = cosS)-2 - s1n a 0 a Slll/3 0 !3 + oa. 
(24b) 
(cosha a2 (3) (24c) a-raS = - - cosS)oaoS 
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Boundary Conditions. In each of the three cases there are 
two curves, a = constant, that are free from stress. Since 
TaB = 0 on a free boundary a = constant, equation (24c) requires 
that 
~a (;)= <(a constant) (25) 
On the same boundary a 
a 
= 0. Hence noting that y = J sinha 
and substituting equation (25) into (24a) with a = 0, there 
a. 
results; 
{~osha - coss)~: 2 - sins~ 8 + cosha}(J) = woo=a (2r 0 J sinha 
(26) 
Now J = a therefore rewriting the right hand side (cosha - coss) 
of equation (26) we get 
= ww2a (2r 0 a sinha a 2sinh2a ~ 51· 11h·" g ~coss +(cosha - coss)2+roj+.; ..... 
(27) 
This is an ordinary differential equation the complementary 
solution to which has been found by Mindlin and is 
(j)c = n (cosha cosS - 1) -< sinha (28) 
The particular solution may be found by the technique of var1-
ation of parameters 
{sin 13 + cosha sinS i (cos11a - coss) 3 sinh 2 a(cosh.....,2_a ___ c_o_s_s7"")~3 + sina(cosh 2 a-2) sinh~a.(cosna-coss) 
3 I I ,f,} z,.; (·' 2 a 2 r o 1 w w 2 a r 2 
- -~~-"~' - ·"' (cscha.--2 csch2a¢ sins) + 0 -.;tanha 
. s 1 nh ,J a g g co s h a 
( 29) 
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Combining the particular and complement~ry solutions to obtain 
the general solution, and rearranging terms we_ get 
~ = n (cosha cosS-1) + tsinB - ttanha - ww 2a 2 csch2 a¢ sinS 
( r 2 _ th) ww 2a 2ro h ww 2a 2sinS sinh 2a{sinS o - a co a - g c s c a - 3 {C-o-'-s,.h_a ___ c_o_s~S ) 3 
+ coshasinS + sins (cosh2a-2) }+ \voo2ar& 
sinh 2a(cosha-coss) 2 sinh 4 a(cosha-cosB) g cosha 
(30) 
The term involving ¢ ln equation (30) warrants special atten-
tion X ww 2 a 2 2 J = - g csch a sinS(ro-2a cotha)¢ (31) 
it is observed that a cscha is the radius R2 of the circle a=o; 
and that 'IT J sins Hence equation (31) ¢ = el + 8z + - and = x. 2 
may be written 
X ww2a2 (ro·-2a cotha) R2 C e'l + e2 + 7!") (32") -- - X g 2 2 
In equation (32) Za cotha) is twice the distance of the center 
of the hole from the point y = 0. Equation (32) may be recog-
nized therefore as the stress function for a pair of single 
forces acting at the poles in the direction of 
y~.- axis. The magnitude of the forces ·is equal 
the negative 
w 2a2 to w (r -2a g 0 
cotha) rr R ~' \vhich is the weight per unit of thickness of the 
material included in the circle a= a 1 . Hence equation (32) 
is the stress function required to annul the resultant of the 
stresses produced on a = constant by the body force. 
Early Terms of the Stress Function. In order to satisfy 
the boundary conditions on a boundary a = constant the proced-
ure suggested by Jeffery and followed by Mindlin may also be 
used .. 
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The resultant of the stresses which exist on the boundary will 
be annulled first and then the remaining stresses will be elimi-
nated using Jeffrey's technique. 
Following Mindlin's work it can be seen that it is neces-
sary that the displacements introduced by equation (31) be single 
valued~in the region (a>o). This may be accomplished by intra-
ducing the stress function 
X l-2v ww2 J = Lf(T-vT a 2 cschcq -gCro -2a cotha) [asinha- (cosha-coss)] 
(33) 
This serves to eliminate the ma~y valued displacements intro-
duced by term xe 2 in equation (32). Therefore forming the com-
plete stress function we have 
X ww 2 a 2 { l-2v J4 = 2 (ro-2a cotha 1 ) csch 2 a ¢sinl3 -Z(l-v) 
First Auxilary Stress Function. The stress function 
X4 introduces stresses on the free boundary a=O. These can 
be removed by introducing the known stress function, Mind-
lin (19). 
xs_ ww 2 a2 ~-- 8 ( 1 _ v ) ( r o - co t h a 1 ) c s c h 2 a 1 ( co s h 2 a - s i n h 2 a - 1 ) co s i3 
• • . ( 3 5 J 
Second Auxilary Stress Function. It is novv required to 
find a stress function that will satisfy equation (3), annul 
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the stresses introduced on a =a 1 , by x1 p 2 , 3 ,4 , 5 , and g and pro-
duce no stress on a = o. Writing eCtuation (3) in curvilinear 
coordinates w~ get 
. ( o 2- + o 2 ) ll ( o 2 X + i!_.x.. \ l == _ 1 - 2 v 6 2 Q ~ W J oUT oszj 1-v (36) 
Jeffrey showed that for the bipolar coordinate case, equation 
(35) can be reduced to a linear equation with constant co0ffi-
cients by considering ~ instead of X as the dependent variable. 
Equation (35) 
/o'+ + z \~ 
becomes 
Since the problem under consideration is quite symmetrical 
(36b) 
about the y axis it must be even in· S. Furthermore since there 
is a discontinuity of 2n in B in passing between the poles the 
solution must be periodic in S, of period 2v. A solution of 
the form 
36 = f(a) cos ns (37) 
will therefore be considered. Substituting equation (37) into 
(36b) we get 
(~: 4 - 2 (n 2 +1) ~:z + n4_zn +l))f(a) = k . (38) 
Equation (38) is an ordinary differential equation whose comple-
, 
mentary solution may be found by the ordinary methods to be 
for n=l 
= An cosh(n+l)a. + B cosh(n-l)a +C sinh (n+l)a 
· n n 





and for n=O 
(39 c) 
Following Mindlin and Jeffries work for evaluating constants 
we get 
X J = Bo [a(cosha-cosS) + sinha(coshacosa-1]+ A1 (cosh 2a-l)cosa 
+ L {An[cosh(n+l)a-cosh(n-l)a] + En[Cn-1) sinh(n+l)a 
n=z . 
- (n~l) -~inh(n-l)aJ}cosn na (40) 
Equation (40) is the complimentary solution to equation (38). 
Since howevet 1n the case of centrifugal loading, v4x = k, a 
particular solution must also be found. A solution of the form; 
y = p 
k (4.1) (n 4 -2n2 -l) 
satisfies equation ( 38). When n=l 
' 
equation (37) reduces to 
( ~: .) - 4 ~: 2 f ( ") = kl (42) 
ca 2 To satisfy this equation a solution of the form ---a- is sug-
gested. 
When n=O equation. ( 38) becomes 
(~:.) f(a) = k 2 ( 43) 
. 
A solution of the form satisfies this equation. Adding 
both complimentary and particular solutions we have: 
~ = Bo[a(cosha-coss) + sinha(coshacosB-1)] 4 + ca + Al 24 
Cet 2 co { [ 
.+ A1 (cosh2a-l)cosa - - 8- + 2 An cosh(n+l)a- cosh(n-l)o:] 
n=2 
+ En((n-1) sinh(n+l)a-(n+l)sinh (n-l)aJ.} cos ns + 
(44) 
zg· 
Complete St~ess Function. The complete stress function 
can now be written by combining the stress functions x1 , x2 , 
x3, x4, xs, and x6 as follows; 
x = x1 z 3 
J J 
l-2v 
2(1-v) [asinha-a (cosha-coss)J} 
ww 2 a 2 
+ S(l-v) (ro-co. tha. 1 ) csch2 a. 1 (cosh2a.- sinh 2a-l)cos(3 






+ l An cosh(n-l)a-cosh(n-l)a . 
n=2 
+ En (n-1) sinh(n-la~(n+l) sinh(n-1)a. cosns 
l-2v 
r--v 
1 ( 45) 
The values of the constants can be determined by substi-
tbting equation (45) into equations (25) and (30) .. The equa-
tions for the stress around the hole can then be written by 
r 
substituting equation (45) into equations (24a, 24b, 24c,). 
At this point the analysis becomes long and unwieldy, and was 
terminated in favor of an experimental and numerical approach. 
The development of the stress function is presented as it il-
lustrates the intractibility of a purely elastic approach to 
centrifugal analysis and may form the basis for future work. 
CHAPTER IV 
EXPERIMENTAL PROCEDURE 
~aratus and Equipment. The centrifuge used for model 
loading has a rotor diameter of six feet and is capable of de-
veloping 2,000 'g,s' at 1,398 rpm. Plate (1}. To minimize 
the driving power required, the centrifuge is operated 1n an 
88 inch diameter steel tank capable of being e~acuated to ap-
proximately one inch of mercury. The centrifuge is powered 
by a ten horse power D.C. shuntwound motor consuming 240 volts 
and 38.3 amperes at full load. The D.C. power source is a ten 
horse power motor-generator set supplied by The Louis Allis Co. 
of Milwaukee, Wisconsin. A rheostat speed control is used in 
conjunction with the motoi-generator set, which allows very 
fine speed control of the centrifuge. The vacuum in the hous-
ing tank is obtained by an Ingersoll-Rand type 30 vacuum pump 
driven by a three quarter horse power motor. 
The rotor consists of a boxlike structure constructed 
from one inch aluminum alloy plate, and is bolted to a vertical 
' 2.5 inch forged steel shaft. The internal dimensions of the 
rotor are 72 inches by thirty-three i:1ches by six inche·s. To 
insure a perfect static and dynamic balance during the running 
of the centrifuge identica~ holders and models were used in 
both arms of the rotor. 
The models were examined rn a fifteen inch, diffused light 
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Plate 1 .1. • Tvto thousand ngtt centrifuge used 
for loading models. 
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Plate 2. Sh~rples dif~used light, fifteen 
J rlr·h '"'C"1 ""'~"l:s-·-ope ...... -.1 1.-" ,]~.11,.3.;._ '-· • 
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housing, polarizer, and quarter wave plate are mounded oa a 
mobile cabinet. The analyzer and quarter wave plate are mount-
ed on a second cabinet. The loading frame comprises the third 
separate unit. Monochromatic light is generated by two sodium 
lamps. Photographs were taken using a Graphex camera with a f. 
4.5, 127 mm focal length lens equipped with a polaroid attach-
ment. Four by five inch Polaroid Polapan 52 film was used. 
Isoclinics were drawn directly on the model using a Pentel pen 
after the model surface had been cleaned with acetone. 
Model Preparation. After weighing, the constituents were 
mixed using a double arm electrical mixer for about ten to fif-
teen minutes. As mixing progressed the inside of the bowl was 
scraped as the Araldite adhered to the surface. In spite of 
this it was always found necessary to discard the last portion 
of the mixed material in the bowl to insure that no unmixed 
material got into the model. Despite these precautions some 
traces of improperly mixed material can be seen in some models. 
This had localized effects on the fringes and isoclinics which 
sometimes necessitated rejection of these models. 
The mixed Araldite was poured into two 15 by 15 inch moulds 
made of half-inch Lucite plate. Half-inch Lucite strips were 
used as spacers and to form the sides of the models, and gave a 
variation in the thickness of the model of less than 0.0001 
inch. The moulds were held together by quarter-inch bolts and 
wing nuts. No mould release was required as the Araldite did 
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not adhere to tlie Lucite. After pouring the moulds were placed 
in front of a blower in a room at 45° F .. After 12 hours they 
were set 1n a room at 75-80° F .. After six to eight hours the 
models had hardened to a very soft yet workable state, and 
could be cut with a knife. After another four hours they stiff-
ened sufficiently to be machinable and on completion of this 
operation were loaded in the centrifuge for four hours, at 
which time the curing process was virtually complete. To in-
sure minimum release of the stress after the loading cycle had 
been completed the models were stored for a minimum of 72 hours 
in a refrigerator at 38° F .. No creep was apparent after this 
period even though the models were allowed to attain room tem-
perature. 
Where it was desired that a discontinuity did not extend 
completely through the model a cut in the model had to be made 
which involved parting of the material, rather than removal of 
material as is accomplished with a saw. This was done with a 
linoleum cu~ ·r, care being taken during cutting to allow the 
material either side of the cut to move. When the model had 
achieved sufficient hardness a 12rr by 12" aluminum template 
was attached by the use of double sided Scotch tape. The model 
was then trimmed to within l/8 of an inch of the template s1ze. 
using a band saw, and machined using a 25,000 rpm rotary grind-
er with hardened steel cutt~r. This gave a highly finished sur-
face and produced no stress in the model. Where holes were re-
quired these were drilled 1/16 of an inch under their required 
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size using a circular saw drill and then machined using the 
rotary grinder and an aluminum template to their required size. 
The models were placed 1n Lucite holders which were made 
of half inch Lucite plate. See plate (3). The plates were 
bolted together to form a watertight box with internal dimen-
sions of a half-inch wide, 14 inches long, and 12 inches high. 
The sides of the holder prevented any tendency that the model· 
might have had during loading to buckle. The holder was well 
greased internally to prevent any holding effects on the model. 
Where it was necessary to generate a partially restrained 
stress field modelling clay was placed down the sides of each 
model so as to completely fill the space between the model and 
the holder. The model holder was placed in a rigid steel frame 
during the loading period. The frame was constructed of four 
inch I beams and bolted using half-inch steel bolts. Plate 
(4). This frame provided rigid support to the lucite holder. 
The framework was wedg~d into the rotor. arm during loading. 
Analysis Procedure. No absolute determination of the 
stress occurring in the models was made as it was not possible 
to observe the models during loading and therefore determine 
the fringe orders. 
The models were viewed and photographed in a standard, or 
crossed circular, polariscope. Isoclinics were traced directly 
from the models and the stress trajectories drawn using an in-
tersection technique. Friction coefficients along the planes 
were determined using an inclined plane method. Stress fields 
::·.(. .. ~"~ 
~!':-.~ 
::~~ 
Luc i te rnodel holder. 
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Plate 4 Steel support frames. 
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were evaluated by loading a circular hole in the field and 
comparing the resulting stress concentrations around the hole 
with known values. Obert, Duvall and Merrill (21). 
CHAPTER V 
EXPERIMENTAL RESULTS 
Prior to testing models containing discontinuities, ex-
periments were conducted to determine the effects of the bound-
aries on the stress distribution within the model. A technique 
also was required whereby different stress fields could be cre-
ated. To solve this latter problem different materials were 
used to bound the models. Play-Doh, made by Rainbow Crafts Inc., 
Cincinnati, Ohio, gave a low horizontal stress component in the 
model, but was difficult to control under load as it flowed, 
and therefore was abandoned in favour of modelling clay. 
Initial models were six inches wide by twelve inches high, 
and contained a discontinuity that extended completely across 
the model, Figure ( 4). The stress trajectories show that the 
boundaries seriously affect the distribution of stress in the 
model. A twelve by twelve inch model was then made, again with 
a discontinuity extending completely across it. An examination 
of the stress trajectories obtained from this model, Figure (5 ), 
indicated that the boundary affected the stress pattern particu-
• 
larly in the material above the discontinuity. It was therefore 
decided to use a discontinuity that ended within the model 
thereby eliminating some of the boundary ~ffects. 
pescription of Models Model T.l. This model was twelve 
inches by six inches and contained a discontinuity through its 
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geometric center dippi~g at 20°. The model was restrained 
during loading with clay. The a!lgle of friction alo~g the 
discontinuity was 17°. Some motion along the fault occurred 
in spite of the restraint. Figure (4). 
Model T 2. 
This model was 12 inches by 12 inches and contained a dis-
continuity that extended right across the model at 45°, Plate 
(5). The model was restrained during loading using clay. Some 
motion occurred down the plane while the model was under load. 
Stress trajectories were drawn for the model, Figure (5). The 
angle of friction along the plane was 17°. 
Model T 3. 
This model was 12 inches by 12 inches and contained a one 
inch hole at the geometric center. The model was restrained 
with clay. The isochromatics are shown ln Plate (6). This 
model was run to test the effectiveness of the clay restraining 
boundary. Examination of the isochromatics at the top and side 
of the hole showed a ratio of 3 1/2 to 6 1/2, or approximately 
l to 2. When compared with the results obtained by Obert, 
Duvall and Merrill (21), for the stress around a circular open-
ing under different stress fields it was found to indicate a 
lateral load of two thirds the vertical load. This figure was 
accepted for all models with this type of boundary. 
Model T 4. 
This model was 12 inches by 12 inches and contained a one 
inch hole at its geometric center. The model was unrestrained. 
Figure 4. Model T. 1. Stress trajectories. 
~=0.3. Restrained. 
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Plate S. Model T. 2. Fringe 
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Figure 5. Model T. 2. Stress trajectories. 
Plate 6. Model T. 
a one inch hole. 




The isochromati~s are shown in Plate (7}. A study of the iso-
chromatics at the top and side of the hole show a ratio of 
approximately 3 to 9. This corresponds to the results obtain-
ed by Duvall for a circular opening under unidirectional stress. 
Some variation is to be expected from Obert, Duvall and Mer-
rill's (21) work as the stress level through the model varies 
,'ue to its distance from the center of rotation during loading. 
Model T S. 
This model was 12 inches by 12 inches and contained a 3 
inch hole at the geometric center. The model was unrestrained. 
The isochromatics are shown in Plate (8), and stress traject-
ories in Figure (6). The effect of the different stress level 
through·the model can be seen by the variation in fringes at 
the top and bottom of the hole. 
The following series of models preceded by the letters, 
each contained a single discontinuity. All models were run at 
300 rpm for a period of at least three hours. The time for the 
individual models depended upon the physical characteristics of 
the araldite. Three basic dips were taken for the discontinu-
ities, being approximately 25°, 45°, and 70°. Both restrained 
and unrestrained models were run and two friction coeffi~ients 
were used. All models were 12 inches by 12 inches. 
Model S.D. 1. 
The model contained a discontinuity dipping at 50° and 
was constrained with a clay boundary. The plane was greased 
and had an angle of friction 18°. Isochromatics are shown in 
Plate (9) and the stress trajectories in Figure (7). 
P., t 7 v d ~ 'f ~·~-a e , • HO e . .l _ • 
a circular hole. 
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4. Fringe pattern around 
'Unidirectional stress field. 
Plate 8. Model T. s~ Fringe distribution 
around a circular three-inch hole. Uni-
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Figure 6. Model r". S. Stress trajectories. 
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Plate 9. Model S.D~ 1. Fringe pattern due 
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.Figure 7 Model S.D. 1. Stress trajectories 
around a single discontinuity. Restrained ~=0.3. 
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Model S. D 2 . 
The,model contained a discontinuity dipp~ng at 44° and 
was constrained with a clay boundary. The plane had a coef-
ficient of friction corresponding to an angle of 32°. No 
motion was seen to have occurred on the plane after loading. 
The isochromatics are shown in Plate (10) and the stress tra-
jectories in Figure C 8 ) . . 
Mode 1 S. D. 3 . 
The model contained a fault dipping at 44° and was uncon-
strained. The plane had an angle of friction of 31°. !so-
chromatics .are shown in Plate (11) and the stress trajectories 
in Figure ( 9 ). The plate shows the existence of a 'swirl' of 
unreacted plastic near the left edge of the model. Examination 
of the stress trajectories indicated that this did not affect 
the stress distribution. 
Model S.D. 4. 
This model contained a discontinuity dipping at 22°. The 
model was constrained with clay. The coefficient of friction 
on the plane corresponded to an angle of 17°. The isochromatics 
are shown 1n Plate (12) and the stress trajectories in Figure 
(10). 
Model S.D. 5. 
This model contained a discontinuity dipping at 23°. The 
model was unconstrained. The coefficient of friction on the 
plane corresponded to an angle of 18°. The isochromatics are 
shown in Plate (13) and the stress trajectories in Figure (11). 
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to a single discontinuity dipping 44°. 
Lateral constraint. ~=0.63. 
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Figure 9. Model S.D. 3. Stress trajectories. 
Plate 12. Model S.D. 4. Fringe pattern due 
to a single discontinuity dipping 22°. 









Figure 10. Model S.D. 4. Stress trajectories 
around a single discontinuity. Laterally con-· 
strained. p=0.3. 
Dlai-J-=> '1"S r-.1otit"'l c: ~Ll S 1"·1-1 7-~g·.-.~ r-~~-~-L·t-~.,.,...,...n 'ln~ 
.. ,!. ...... .._. , ""' ilb ..0 .) -"• "'>..J t..,;! .. ; .. "- 4: , ~""" .Z.- ~ ,. J:J .,.,..,. ~ ... , _, .J,. \. VL -
to a single discontinuity dipping 23°~ 
Unidirectional stress field. p=0.3. 
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Figure 11. Model S.D. 5. Stress trajectories 
around a single discontinuity. Unidirectional 
stress field. p=0.3. 
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Model S.D. 6. 
This model contained a discontinuity dipping at 70°. The 
model was unconstrained. The a~gle of friction on the plane 
was 18°. The isochromatics are shown in Plate (14), and the 
stress trajectories in Figure (12). 
Model S.D. 7. 
This model contained a discontinuity dipping at 70°. The 
model was constrained during loading with a clay boundary. The 
angle of friction on the plane was 18°. The isochromatics are 
shown in Plate (15) and the stress trajectories in Figure (13). 
Model S.D. 8. 
This model contained a discontinuity dipping at 70°. The 
model was unconstrained during loading. The angle of friction 
on the plane was 32°. The isochromatics are shown in Plate (16) 
and the stress trajectories in Figure (14). 
The following three models are 12 inches by 6 inches and 
illustrate the effect of a discontinuity on a circular opening. 
Model S.D.H. 1. 
This model has a discontinuity dipping at 45° extending 
completely through the model. A one half inch hole was machined 
in the model on the vertical center line leaving 3/16ths of an 
inch solid material between the hole and the fault. The hole 
was on the lower side of the discontinuity. The model was re-
strained using a clay boundary. The coefficient of friction was 
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Figure 12. Model S.D. 6, Stress trajectories 
around a single discontinuity. Unidirectional 
stress field. ~=0.3. 
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Plate 15. Model S.D. 7. ~r1nge pattern due 
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Figure 13. Model S.D. 7. Stress trajectories 
around a single discontinuity. ~=0.3. 
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Plate 16. Model S.ll. 8. Fringe patterns 
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Figure 14. Model S.D. 8. Stress trajectories 
around a single discontinuity. Unidirectional 
stress field. ~=0.63. 
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Plate 17. Model S.D.H. 1. 
Restrained. ~~o.3. 
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Model S.D.H. 2. 
This model had a discontinuity dipping at 45° through the 
entire model. Two 1/2 inch holes were machined in the model, 
one above, the other below the discontinuity. The coefficient 
of friction on the plane was 18° and the model was constrained 
us1ng a clay boundary. The isochromatics are shown in Plate (18). 
Model S.D.H. 3. 
This model has a discontinuity dipping at 45° and extend-
lng completely through the model .. The model contains three 
circular one-half inch holes. Coefficient of friction on the 
discontinuity was equivalent to an angle of 18°. The isochro-
matics are shown in Plate (19). 
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Pla.te 18. Modr~l S"D.H. 2. 
Restrained p=0.3. 
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Plate 19. Model S.D.H. "7 .. ) ,. 
Restrained y=0.3. 
G1APTER VI 
FINITE ELEMENT ANALYSIS 
The finite element method, outlined in Appendix A, was 
used to determine the stress distribution in models similar to 
those that had been tested in the photoelastic analysis. A 
general digital program, developed by Wilson (30) was used 
after being modified for use in the University I.B.M. 360/40 
computer system. Fortran IV language was used and a copy is 
included in Appendix B. The program is based on the use of a 
triangular element, and was run until the total force unbal-
ance through the model of less than one-tenthousandth of the 
unbalance achieved in the initial run, had been attained. 
To facilitate comparison with the photoelastic experi-
ments, the density of the elements in some of the models was 
increased with depth to coincide with the apparent increase in 
density that occurred in the photoelastic models at 300 rpm. 
The remaining models had a constant density throughout all ihe 
elements. 
The following procedure was developed to simulate a dis-
continuity in the model. ·In the construction of the el~ment 
grid all nodal points on the intended discontinuity were as-
signed two identifying numbers. One set of numbers indentified 
the nodal points with respect to elements above the discontin-
uity, and the remaining set with elements below the discontin-
uity. The nodal points on the upper side of the plane were 
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allowed to move ·freely alo~g the plane. Since no allowance 
was made to transfer loads from the upper plane to the lower, 
the program was first run to solve for the upper nodal point 
loads. These loads were then applied to the corresponding no-
dal points on the lower side of the discontinuity and the pro-
gram rerun. The results of this analysis approximated a fric-
tionless plane. 
This analysis assumes that the surface on which the upper 
plane moves is rigid, and an examination of the resulting 
strains show that some parting occurred between the upper and 
lower surfaces of the plane. This cannot be corrected since 
the computer program solves for displacements resulting from 
knmvn loads, and cannot determine stresses from known displace-
ments. Therefore it is not possible to move the upper surface 
of the discontinuity to coincide in position with the lower. 
Friction along the plane was applied in terms of nodal 
point loads. The friction forces were calculated from the 
known nodal point loads determined in the frictionless case. 
The friction compon~nt was considered to act up the plane for 
the upper surface and down the plane for the lower surface . 
. 
To avoid using a coefficient of friction on the plane of suffi-
cient magnitude that it would have prevented movement, a Mohr's 
circle was used. This related the friction coefficient, dip 
of the discontinuity, and stress field and showed if motion 
along the fault were possible. 
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In the fri~tionless analysis some shear occurred at the 
upper plane nodal points. This should not have occurred, theo-
retically, and is due to the fact that the nodal point stresses 
and the nodal point loads are calculated from the surrounding 
element loads. Since an element has a finite dimension, and 
the stress across it is assumed to be constant, the element 
contains some shear stress. Thus when the nodal point stresses 
are calculated they also contain a shear component, usually act-
ing along the plane. This inaccuracy can best be reduced by de-
creasing the element size at the boundary. Ideally if an in-
finitely small element could be considered, the shear stress 
along the plane would be zero. 
Finite Element Analysis. All models were made square and 
dLmensioned 12 inches by 12 inches to coincide with the photo-
elastic analysis. The basal nodal points were programmed to 
remain fixed; and in the restrained tests the side boundary no-
dal points were fixed in the X-direction, but were free to move 
in the Y-direction. All programs were run to a total force un-
balance of less than one-tenth of a pound. To increase the con-
vergence rate and reduce the number of iteration cycles an over-
relaxation factor of 1.930 was used in all the analyses. All 
models were considered to be in a state of plane stress. The 
initial nine models had a varying density to accurately simu-
late centrifugal loading. All the remaining models used a con-
stant density. 
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Model F.E. 1. 
This model contained a three-inch hole at the geometric 
center, and was made up of 96 elements, Figure (15). The 
modulus of elasticity was 104 psi and the Poisson's ratio 0.4. 
The model was unrestrained and the stress vectors are shown in 
Figure (16). 
Model F.E. 2. 
This model contained a discontinuity dipping at 45°. The 
model was made up of 56 elements and 48 nodal points. Modulus 
of elasticity was 500 psi and Poisson's ratio 0.4, Figure (17). 
The density at the surface was 2 pounds per cubic inch and 3 
pounds per cubic inch at the bottom. The model was unrestrain-
ed and the plane frictionless. Stress vectors are shown in 
Figure (18). 
Model F.E. 3. 
This model contained a discontinuity dipping at 45°. The 
model was made up of 56 elements and 48 nodal points. Figure 
(17). Modulus of elasticity was 500 psi and Poisson's ratio 
0.4. The density at the surface was 2 pounds per cubic inch 
and 3 pounds per cubic inch at the bottom. This model was un-
restrained and the coefficient of friction along the plane was 
0.6. Stress vectors are shown 1n Figure (19). 
Model F.E. 4. 
This model contained a discontinuity dipping at 45°. The 
model was made up of 56 elements and 48 nodal points. Figure 
(17). Modulus of elasticity was 500 psi and Poisson's ratio 0.4. 
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Figure 15. Grid arrangement for circular hole. 
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Figure 17. Grid arrangement for 45° dip discontinuity 
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figure 18. Model F.E. 2. Stress vectors. 
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Figure 19. Model F.E. 3. Stress vectors. 
Unrestrained. ~=0.6. 
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The density at the surface was 2 pounds per cubic inch and 3 
pounds per cubic inch at the bottom. The model was restrained 
laterally and the plane frictionless. Stress vectors are shown 
in Figure (20). 
Model F.E. 5. 
This model contained a discontinuity dipping at 22.5°. 
The model was made up of 56 elements and contained 41 nodal 
points. Figure (21). Modulus of elasticity was 104 psi and 
Poisson's ratio 0.4. The density at the surface was 4 pounds 
per cubic inch and 6 pounds per cubic inch at the bottom. The 
model was unrestrained and the plane frictionless. Stress vee-
tors are shown in Figure (22). 
Model F.E. 6. 
This model contained a discontinuity dipping at 22.5°. 
The model was made up of 56 elements and contained 41 nodal 
points. Figure C~D. Modulus of elasticity was 104 psi and 
Poisson's ratio 0.4. The density at the surface was 4 pounds 
per cubic inch and 6 pounds per cubic inch at the bottom. The 
model was restrained and the plane frictionless. Stress vee-
tors are shown in Figure (23). 
Model F.E. 7. 
This model contained a discontinuity dipping at 67.5°. 
The model was made up of 58 elements and contained 44 nodal 
points. Modulus of elasticity was 10 4 psi and Poisson's ratio 
0.4. Figure (24). The density at the surface was 4 pounds 
per cubic inch and 6 pounds per cubic inch at the bottom. 
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Figure 2 0. · Model F. E. 4. Stress vectors. 
Restrained and the discontinuity frictionless. 
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Y axis. 
Figure 21. Grid arrangement for 22.50 discontinuity. 
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Figure 22. Model F.E. 5. Stress Vectors.· Un-
restrained and the discontinuity is frictionless. 
Figure 23. Model F.E. 6. Stress Vectors. 




Figure 2A. Grid arrangement for 67.5° dipping fault. 
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The model was urirestrained and the plane frictionless. Stress 
vectors are shown in Figure (25). 
Model F.E. 8. 
This model contained a discontinuity dipping at 67.5°. 
The model was made up of 58 elements and contained 44 nodal 
points. Figure (2 4). Modulus of elasticity was 104 psi and 
Poisson's ratio 0.4. The density at the surface was 4 pounds 
per cubic inch and 6 pounds per cubic inch at the bottom. The 
model was unrestrained and the coefficient of friction along 
the plane was 0.6. Stress vectors are shown in Figure (26). 
Model F.E. 9. 
This model contained a discontinuity dipping at 67.5°. 
The model was made up of 58 element¢ and contained 44 nodal 
points. Figure (24) Modulus of elasticity was 10 4 psi and 
Poisson's ratio 0.4. The density at the surface was 4 pounds 
per cubic inch and 6 pounds per cubic inch at the bottom. The 
model was restrained and the plane frictionless. Stress vee-
tors are shown in Figure (27). 
The following model was run using a 45° plane and a fine 
grid to examine the effect of friction on the stress distribu-
~ 
tion near the discontinuity. A constant density of 2.7 pounds 
per cubic inch was used in the model. 
Model F.E. 10. 
The model contained 112 nodal points and 174 elements. 
Figure (28). Modulus of elasticity was 500 psi and Poisson's 
ratio 0.23. The model was restrained and the plane frictionless. 

















Figure 25. Model F.E. 7. Stress vectors. 




























Figure 27 . Model F. E.· 9. Stress vectors. 
Restrained and the discontinuity is frictionless. 
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Figure 28. Fine grid arrangement. 40° dippi~g discontinuity. 
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Model F.E. 11. 
The model contained 112 nodal points and 174 elements. 
Figure (28). Modulus of elasticity was 500 psi and Poisson's 
ratio 0.23. The model was restrained and the coefficient of 
friction was 0.3. Selected stress vectors are shown in Fig-
ure (50). 
Model F.E. 12. 
The modei contained 112 nodal points and 174 elements. 
Figure (28). Modulus of elasticity was 500 psi and Poisson's 
ratio 0.23. The model was restrained and the coefficient of 
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Figure 30. Model F.E. 11. Stress vectors. 
Restrained. ~~0.3. 
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Figure 31. Model F.E. 12. Stress vectors. 
Restrained. ~=0.6. 
CHAPTER VII 
INTERPRETATION AND CORRELATION OF RESULTS 
In the interpretation and correlation of results certain 
facts should be kept in mind: 
1. The photoelastic models were not sufficiently large 
to completely negate the effects of the boundaries, particu-
larly near the surface of the model where the discontinuity 
originates. 
2. At the time of stress figuring the photoelastic prop-
erties of the different models were not the same, due to dif-
ferences in material properties between b~tches and variations 
in curing temperatures and times. Therefore, although the 
models were subjected to similar loads for equal amounts of 
time, their fringe patterns are not directly comparable. 
3. Since it was not possible to observe the models during 
loading no determination of fringe order could be made. 
4. In the finite element analysis the basal nodal points 
were totally restrained. For restrained models no movement at 
all was possible in the X direction for the nodal p~ints on the 
sides of the model. 
5. Th~ nodal points on the upper surface were free to 
move and therefore· some parting of the surfaces occurred in a 
theoretical ~ense. 
Only fractures along which ther~ has been relative movement 
between the two sides create variations in the normal undisturbed 
stress field. In Models S.D. 2. and S.D. 4. the presence of 
the discontinuity did not affect the stress field because 
there was no relative movement between the sides of the dis-
continuity. 
Whether or not movement will occur 1s dependent on the 
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friction existing along the fault plane, the dip of the fault, 
and the stress field. The relationship may best be seen by 
means of a Mohr's circle, Figure (32), where 13F is the dip 
. . 
of the fault, ¢' the angle of friction, .and cr 1 and cr 2 the 
principal stresses 1n the model without th~ discontinuity, 
Jaegar (17). 
T 
Figure 32. Mohr's Circle showing 
criteria for motion alo~g a fault. 
It can be seen that motion will only occur on the dis-
continuity when the point C lies somewhere on the arc ADB. 
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Model F.E. 1 was rtin to compare the stress distribution 
obtained using the finite element method with that obtained 
with the photoelastic Model T. 5, Figure (6). A good corre-
lation can be seen between the stress trajectories of the 
photoelastic model and the stress vectors Figure (16), of the 
finite element model in sp~te of the fact that the hole was 
not circular in the finite element case. 
The variation of the principal stresses across section 
lines of the finite element model F.E. 2, are shown in Figures 
(33), (34), (35). This model is unrestrained and the plane is 
frictioniess. Comparison with model F.E. 3. whose principal 
stress variations along chosen section lines are shown in the 
same figures, shows that the friction has little effect on the 
principal stresses except in the neighborhood of stress con-
centration. At this point there is a higher compressive stress 
on the hanging wall side, and a higher tensile and compressive 
stress on the footwall side. Thus the ratio of the principal 
stresses varies with the increasing coefficient of friction. 
The corresponding photoelastic models S.D. 1. and S.D. 3. 
~tress trajectories correspond well with the principal stress 
directions obtained in the finite element analysis. Figure (9) 
shows a gradual increase in the angle which the principal 
stress on the hanging wall enters the plane. However, close 








~" ~~ Restrained 
Unrestrained 
Unrestrained ~=0.6 
Figure 33. Variation of principal stresses along section line 







Figure 34. Variation of principal stresses along the section 
line D1D' in the models F.E 2, F.E. 3 and F.E. 4. 
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Figure 35. Variation of principal stresses along ~ection lines 
A1A', and B1B' in the models F.E. 2, F.E. 3, and F.E. 4. 
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horizontal and vertical where they enter the plane; and above 
this point the p stress has a positive slope. This is not 
apparent in the finite element models. The photoelastic stress 
trajectories also show a series of isotropic points close to 
the surface, around which the stress trajectories loop. Again 
this is not evident in the, finite element models, although 
there is close agreement between the two systems below this 
zone. 
Model F.E. 4. illustrates the effect of lateral constraint. 
Larger horizontal stresses are produced throughout the model 
and there is a considerable reduction in tensile stress around 
the closed end of the discontinuity. The stresses along the 
section lines through the model, Figures (33), (34), show high-
er stresses around the fault, particularly in the hanging.wall 
than the unrestrained models. These hanging wall stresses are 
all compressive and at section line AA' the 'restrained' stress 
is 140% of the 'unrestrained'. This reduces to approximately 
120% near the lower end of the fault 't section line BB'. 
The low a~1gle, 22.5° dip, model F.E. 5. which is unre-
strained shows close agreement with the stress trajectories of 
the corresponding photoelastic model S.D. 5. shown in Figure 
(lz). The exception is the presence of isotropic points near 
the surface of the photoelastic model. The stress vectors 
indicate that the discontinuity has little influence on the 
fault stress distribution in the foot wall. This phenomena 
can also be seen in the regular horizontal fringe pattern 
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present in the footwall on the photoelastic model S.D. 5. 
Near the closed end of the discontinuity~ high compressive 
stresses occur 1n the hangi?g wall; and there is a zone of 
tensile stress 1n the footwall, Figure (36), .near the lower 
end of the discontinuity. Restraint on the model has the 
effect of increasing the magnitude of the stresses in the 
compressive direction, Figure (37). The .stress vectors 
in Figure (23), indicate that the footwall stress distribution 
1s now quite disturbed, while the hanging wall stresses now 
tend towards the vertical except in the region of the closed 
end of the discontinuity. 
The stress vector diagram, Figure (25)~ of the high 
angle, unrestrained frictionless model F.E. 1 show that the 
fault create~ only a slight variation in the stress field 
from that of undisturbed material. Motion along the fault 
has caused a high compressive stress on the hanging wall 
which increas~d down the fault. A zone of tension is form-
ed in the footwall which reaches its maximum near the lower 
end of the fault. 
The stress vectors 1n Figure (26) show. the effect of 
friction along the plane. It can be seen that some rotation 
of the major principal stresses has occurred toward the dis-
continuity. Figure (38) of the variation of principal stress-
es along the footwall shows that the friction has little ef-
fect on the principal stresses except in the r~gion of the low-
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Figure 36. Variation of principal stresses 
· along the section lines cc' and DD' in the 
models F.E. 7 and F.E. 8, 
Hanging wall 
Restrained 
t \~ '-.....--...._ 
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Figure 37. Variation of principal stresses along 
the section lines AA' and BB' in the models F.E.7 
and F. E. 8. 
B' 
Figure 38. Distribution of' principal stresses along 




hangi?g wall the effect of the friction is more pronounced, 
Figure (39). The major principal stress is increased and the 
minor decreased. Ratit of principal stresses varies on an 
average from 0.7 for the frictionless plane to 0.18 for the 
plane with a friction coefficient of 0.6. 
Lateral restraint has a major effect on the stress dis-
tribution in the ha?ging wall of the fault, Figure (39). The 
major principal stresses are rotated so as to make them almost 
horizontal. The footwall is almost completely.unaffected. 
The footwall stresses, shown in Figure (38), have been increas-
ed in a compressive direction and there is virtually no tension. 
In the hanging wall the principal stress ratio has been decreas-
ed with respect to the frictionless case to approximately 0.85. 
The distribution of stress across the discontinuity, 
Figure 00), shows that at any point the footwall stresses are 
invariably smaller than the hanging wall stresses. 
Model S.D.H. 1 shows clearly the rotation of the principal 
stresses away from the vertical caused by the discontinuity. 
It can also be seen that there is no increase in fringe order 
on the hole boundary or the fault side. However, the high 
stress zone appears to have been extended by the presence of the 
discontinuity. No effect of the hole can be seen on the hang-
lng wall of the discontinuity. 
Model S.D.H. 2 shows that the discontinuity had little 
effect on the hanging wall hole. Again, as in S.D.H. 1, the 
* Ratio defined as q . 
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Figure 39. Distribution of principal stresses along. 
hanging wall section line in models F.E. 7, F.E. 8 









Figure 4~ Variation ·of principal stresses along 
section lines DD' and E B' in models F.E. 7,' 
F.E. 8, and F.E. 9. 
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h~gh stress zone is extended by the fault although no increase 
in m~gnitude is visible on the side nearest the discontinuity. 
Model S.D.H. 3. The fri!lge pattern around the three holes 
in this model shows clearly the variation in principal stress 
direction caused by the discontinuity. Comparing fringe pat-
terns around the lower two holes also shows the variation in 
principal stress ratio caused by the discontinuity. Again the 
h~gh stress zones due to the holes are extended, though not 
increased, in the nei~hborhood of the fault. No effect of the 
holes can be seen in the hanging wall. 
The stress vector diagrams, Figures (29), (30)~ and (31) 
show that the increase in friction along the plane causes a 
rotation of the major principal stress in the hanging wall and 
footwall toward the vertical. Figures (43), (44) and (45) 
show that higher friction increases the major principal stress 
in the neighborhood of the fault except in the hanging wall, 
in the immedia.te vicinity of the lower end of the discontinuity. 
Here the peak stress close to the fault is higher_with the 
h~gher friction but the stress level then decreases to a low-
er level than that of the frictionless case. 
The variation of principal stresses along the hanging wall 
F~gure (41), shows clearly the increase in the ratio of the 
principal stresses with increased friction along the disconti~­
nuity. The high compressive stress occurri~g near the lower 
end of the fault decreases only fractionally with the increase 
in friction. The tensile stress zone at the lower end of the 
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Frictionless. 
_ . .--:.._ Friction ll=O. 3. 
--- Friction ll=O. 6. 
~-----------------------------------------------------------------------~ 
Figure 41. Principal stress variations along 
hanging wall section line in models F.E .. 10, 
F. E. 11 and F. E. 12. 
Frictionless. 
Friction ~io..:o.3. 
Friction J.l=o·. 6. 
Figure 42- Principal stress variations along 
footwall section line in models F.E. 10, .· 
F.E. 11, and F.E. 12. 
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Figure 45. Model F.E. 12. Restrained friction ~=0.6. 
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discontinuity is greatly increased and in the footwall, Figure 
(42), the maximum variation in principal stress ratio ~gain 
occurs with the h~gh friction. The zone of compression near 
the lower end of the fault is reduced with the lower friction 
force and the tensile stress at the end of the discontinuity 
is maximum with zero friction. The footwall stresses in these 
models were higher than the hanging wall stresses at any point 
on the discontinuity. 
116 
CHAPTER VIII 
SUiv1~1ARY '· CONCLUSIONS, AND RECOMMENDATIONS 
The objectives of this investigation were: 
(1) To determine the stress distribution around a single 
discontinuity in a two dimensional system using photoelastic, 
centrifugally loaded ~ stress frozen models; and check the re-
sults using a numerical technique. 
(2) To compare the photoela.stic and numerical techniques 
used, to determine which is most suitable for examination of 
geological heterogeneities. 
(3) To determine the stress distribution around a cir-
cular hole loaded in a centrifugal field using the theory of 
elasticity in bipolar coordinates. 
Summarr. The application of the theory of elasticity as 
used in this analysis for· the determination of the stress dis-
tribution around a circular hole in a model loaded in a cen-
trifugal field, does not appear to be warranted, unless a 
simpler technique than that used in this analysis can. be de-
vised. A numerical approach such as the finite element method 
• although it tv ill not give a general relationship between the 
stress and the various parameters involved, will prov .::i.de quick,... 
quantitative answers to certain specific problems. 
For the analysis of stress distribution around a single 
discontin.ui ty the finite element method appears to ha.,...e cer-
tain advantages over the stress phofoelastic freezing analysis 
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as used in this-research. Once an element network has been 
drawn up the various parameters such as density, Poisson's 
ratio, modulus of elasticity, etc., can be varied quite sim-
ply. The technique is fast and yields a fairly comprehen-
Sive stress picture. The major limitatio~to th~ method are 
the boundary conditions. Photoelastic analysis provides a 
valuable check on the finite element method and would be of 
particular value when a single model of complex geometry is 
to be analyzed, especially if the mod~l could be viewed under 
load and the fringe order determined. 
Only linear fractures along which there has been some re-
lative movement between the two sides affect the normal un-
disturbed stress field. Dip, degree of restraint, friction 
along the fault and Poisson's ratio all significantly alter 
the stress distribution around a discontinuity. All faults 
along which movement had occurred exhibit a high stress con-
centration at the lower end, the magnitude of which depends 
upon the four parameters mentioned above. A lateral stress 
field reduces and often negates the tensile stresses present 
rn the model particularly around the lower end of the fault. 
In the models with fault dipping 45° and 67.5°, the majbr 
principal stress in the hanging wall lay nearly horizontal for 
the restrained case. The ratio of the principal stresses 
close to the fault 1vere reduced, in comparison 1-vith those out-
side the influence of the discontinuity. Increasing the fric-
tion along the plane increases the tensile stresses in the 
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footwall at the lower end of the fault and increases the prin-
cipal stress ratio. H~gher friction also causes the major 
principal stress to rotate, fr~m being approximately parallelJ. 
to the fault, towards the vertical. 
An opening in the proximity of a fault does not show any 
increase in stress on the boundary nearest the fault, as com-
pared with the boundary on the side away from the fault. The 
area of the stress concentrations is however, increased on the 
fault side of the opening. 
Conclusions. The conclusions derived from this investi-
gation are: 
(1) The finite element method is super1or to the stress 
fr~ezing analysis as no absolute determination of stress was 
possible in the latter techniques. The finite element ~ethod 
also facilitated the variation of parameters. 
(2) Only linear fractures along which there has been rela-
tive movement between the two sides affect the stress field. 
The follo·wing conclusions assumethat movement alo!lg 
the fault plane has occurred. 
(3) A high stress concentration occurs at the lower end 
of a fault along which movement has occurred. The magnitude 
~s dependent upon friction along the fault, stress field, and 
dip of the fault. 
(4) Increasing friction along the fault plane increases 
the ratio of the principal stresses in the ne~ghborhood of the 
:fault. 
(5) Increasing lateral restraint reduced differences 
in the stresses in the neighborhood of the fault. 
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(6) Increasing lateral restraint decreased the tensile 
stress concentrated at the lower end of the fault. 
(7) A circular opening close to a fault does not have 
a higher stress concentration on its boundary nearest the 
fault than on the side away from the fault. 
(8) The boundary stress concentration of a circular 
hole near a fault extends over a greater area on the fault 
side of the hole than the stress concentration on the side of 
the hole away from the fault. 
(9) As a circular hole approaches a fault, the direction, 
magnitude and ratio of the principal stresses to which it is 
subject are functions of the dip and coefficient of friction 
of the fault, the stress field in which the fault is situated 
and the Poisson's ratio in the media in which the fault occurs. 
Recommendations. 
(1) The ftffect of Poisson's ratio and the stress field 
on the stress distribution around a single discontinuity b~ 
investigated with relation to the magnitude of the footwall 
and hanging· wall stresses. 
(2) That a stroboscopic polariscope in conjunction with 
the centrifuge for loading be used for some of the more com-
plex geologic heterogenities. 
(3) The boundary conditions in the finite element method 
be modified so as to allow movement through specified displace-
ments. This would facilitate the application of the method to· 
more complex problems involving geologic discontinuities. 
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(4) The analysis presented in the dissertation be ex-
tended to multiple structures and irregular geologic hetero-
. genities such as joint patterns, multiple fault systems, etc .. 
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FINITE ELEMENT TECHNIQUE 
The finite element technique, Wilson (30) is a general 
method of structural analysis in which a continuous structure 
is replaced by a finite number of elements interconnected at 
the corners of each element by nodal points. Applied forces 
on the structure, and those due to body loading, are replaced 
by statically equivalent concentrated forces acting at the no-
dal points. 
B~sic Assumptions. The strains e , s and y are assumed X y 
to be constant within each element. Therefore the stresses 
ax, ay and Txy acting on the sides of an element are constant. 
These stresses can be replaced by forces acting on the corners 
or nodal points of the element. It is therefore possible to 
determine the stiffness of a typical e;tement which is an ex-
pression relating unit corner displacements to the forces caus-
ing the displacement. When the stiffness of the individual 
elements has been determined, standard methods of structural 
analysis can then be employed to solve the complete system of 
elements. 
Derivation of Stiffness. The three components of strain 
within a trangular element can be expressed in terms of the 
six corner displacements by the matrix relationship 
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1 0 0 0 u. = ak-aj -a a. J ajbk-akbj k J I 
I v. ! J I 
·a -a. bj-bk -a bk -b. uj y a. l k J k J J 
J 
vk 
The element dimensions and assumed displacement patterns are 
shown in Figure (46). The matrix relationship may be expressed 
in symbolic form as: 
(1) 
A stress-strain relationship may be developed for an lso-
tropic material in the form: 
l-v v 
E l-v \) (l+v) (l-2v) 
I lTX~ 0 0 
which may be expressed 1n symbolic form: 




2 y J 
(2) 
For the triangular element it is now possible to replace 
the uniform stresses acting on the edges of the element with 
statically equivalent corner forces. Figure (47). A matrix 
relationship is as follows: 






v. \ J 
------~';;;-X 
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Figure 46. Element dimensions and assumed dis-
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Figure 47. Stress Resultants. (After Wilson). 
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~sil bj-bk 0 ak -aj X!I 
SJ. 0 a -a. bj-bk y X J 
sJ. bk 0 -a 
crx 
X k 
= ~ cry sJ 0 -a bk y k 
sk T 
-b. 0 a. xy X J J 
sk l 0 a. -b. y J J 
Or in symbolic form: 
[s] = [B] [a] (3) 
The element stiffness may now be derived by substituting 
equations (1) into equation (2) • There results the relation-
! 
ship: 
[a] = [c] [A] [r] (4) 
substituting equation (4) into equation (3) yields: 
(s] = [B] [c J [~ [r] (5) 
Equation (5) e·xpresses the corner forces in terms of corner 
displacements and may be wtitten: 
(6) 
1n which k is the stiffness matrix and is:~iven by: 
.~J = [~ (c] [~ (7) 
The equilibrium of the complete system can now be express-
ed by the following matrix relationship: 
(8) 
where the stiffness of the complete structure [K] can be 
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found by the systematic addition of all of the stiffnesses 
of all the el·ements in the system. 
Solution of Eq-uilibrium Equ·at'ions. To avoid exceedi:ng 
the storage capacity of the computer which would result from 
an attempt to solve equation (8) directly, an iterative so-
lution is used. The Gauss-Seidel method is employed which 
involves the repeated calculation of new displacements from 
the equation: 
where n lS the number of the unknown and s is the cycle of 
iteration. When equilibrium or near equilibrium has been 
achieved throughout the structure, the displacements can be 
put back into equation (4) to solve for the element stresses. 
The nodal point stresses are calculated from the 'weighted 




The program, Wilson (30); is restricted to two dimensional 
plane stress problems. It may be used for plane strain analy-
sis if the elastic constants used by the program are modified 
as follows: 









The program takes into account gravity, external and 
thermal loads. Output data is in the form of vertical and 
horizontal stress, shear stress, maximum and minimum prin-
cipal stresses, and the principal stress direction for both 
nodal points and individual elements. 
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Input Data ·Arrangement. Wilson (30) All nodal points 
and elements are numbered, F.igure (17) ~ so as to numerically 
define their structure. The following table illustrates the 
sequence and spread of data on the input cards. 
A. Title Card (72H) 
Columns 2 to 72 of this card contain information to 
be printed with result. 
B. Control Card (614, 2El2.5, 111) 
Cols. 1-4 Number of elements 
5-8 Number of nodal points 
9-12 Number of restrained boundary points 
13~16 Cycle interval for the print of the force 
unbalance 
17-20 Cycle interval for the print of displace-




Maximum number of cycles problem may run 
Convergence limit for unvalanced forces 
Over-relaxation factor 
Non-zero punch to suppress printing of in-49. 
put data 
C. Element array - 1 card per element (4!4, 4El2.4, • 
Cols. 1-4 Element number 
5-8 Nodal point number i 
9-12 Nodal point number j 
11-16 Nodal point number k 
17-28 Modulus of elasticity 
29-40 Density of element 
41-52 Poisson's Ratio 
53-64 Coefficient of thermal expansion 
65-72 Temperature change within element 













Y-load X-displacement on free nodal points, 
are initial guesses, on 
Y-displacement restrained nodal po 






array - 1 card per point (2!4, IF6) 
Nodal point number 
0 if Nodal point is fixed in both directions. 
1 if Nodal point is fixed in X-direction 
2 if Nodal point is free to move along·a 
line of slope S · 
Slope S (type 2 boundary point only) 
11 Sl .: ~ ·: c · r ! ; • ; r L r; 
!I c • s; .'' ' '· (.- r .. , : ; .:= 
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Christopher Haycocks, the son of George F. and Louise K. 
Haycocks i'fas born at Flori ana, Malta, on the 27th of January, 
1939. 
He completed his primary and secondary education by re-
ceiving the Cambridge Overseas Higher School Certificate at 
St. George's School, Kongwa, Tanganyika. 
Fron Tanganyika he proceeded to England where he enrolled 
at the School of Metalliferous Mining, Camborne, Cornwall, in 
September, 1958, and graduated in June of 1961 with the degree 
of Associateship of the Camborne School of Mines. 
In September, 1961, he enrolled at the Missouri School of 
Mines and Metallurgy to undertake studies toward the degree of 
Master of Science in Mining Engineering which he completed in 
July of 1962. 
He married the former Ramonda James before accepti~g a 
position with De Beer's Consolidated Mines in Kimberley, South 
Africa. 
In 1964 he enrolled at the University of Missouri at Rolla 
to undertake 5 tudies toward the degree of Doctor of Philosophy 
in Mining Engineering. 
He is the father of two sons; Scott Gavin and Ian Gordon-
Chris. 
